In the framework of the four dimensional heterotic superstring with free fermions we discuss the rank eight and/or sixteen Grand Unified String Theories (GUST) which contain the SU(3) H -gauge family symmetry. We explicitly investigate the paths of the unification in the GUST with gauge symmetry
Introduction
For a couple of years superstring theories, and particularly the heterotic string theory [1, 2] , have provided an efficient way to construct the Grand Unified Superstring Theories (GUST ) of all known interactions, despite the fact that it is still difficult to construct unique and fully realistic low energy models resulting after decoupling of massive string modes.
In the fermionic formulation of the four-dimensional heterotic string theory [3, 4] in addition to the two transverse bosonic coordinates X µ ,X µ and their left-moving superpartners ψ µ , the internal sector M c L ;c R contains 44 right-moving (c R = 22) and 18 left-moving (c L = 9) real fermions (each real world-sheet fermion has c f = 1/2). String theories possess infinite dimensional symmetries that place many specific constraints on the theory spectrum. These symmetries origin from 2 dimensional conformal invariance, modular invariance, and Virasoro and Kac-Moody algebras. Because of the presence of the affine Kac-Moody algebra (KMA)ĝ (which is a 2-dimensional manifestation of gauge symmetries of the string itself) on the world sheet, string constructions yield definite predictions concerning representation of the symmetry group, especially for the rank 8 and greater, that can be used for low energy models building.
There are not so many GUSTs describing the observable sector of Standard Model. They are well known: the SU(3) × SU(2) × U (1) n × G hid gauge group, the Pati-Salam (SU(4) × SU(2) × SU(2) × U(1) × G hid ) gauge group, the flipped SU(5) × U(1) × G hid gauge group and SO(10) × G hid gauge group [5, 6] . For the heterotic 10-dimensional string the groups E 8 ⊗ E 8 and spin(32)/Z 2 are characteristic. Hence it is interesting to consider GUSTs in four dimension based on its various rank 8 and 16 subgroup [7] . As the GUSTs originating from level one Kac-Moody algebra (KMA) contain only lowdimensional representations, new types of GUSTs with the G × G gauge groups can naturally appear in consideration [7, 8] . Moreover for the observable gauge symmetry one can consider the diagonal subgroups G ′ sym of the rank 16 group G × G ⊂ SO(16) × SO (16) or ⊂ E(8) × E (8) . Early [7] we considered the possible ways of breaking the "string" gauge subgroups ⊂ E 8 ⊗ E 8 down to low energy supersymmetric model that includes Standard Model group and horizontal factor SU (3) . There are good physical reasons for including the horizontal SU(3) H group into the unification scheme. Firstly, this group naturally accommodates three fermion families presently observed (explaining their origin) and, secondly, can help to solve the flavour problem in SUSY GUTs and can provide correct and economical description of the fermion mass spectrum and mixing without invoking high dimensional representation of conventional SU (5) , SO(10) or E(6) gauge groups [10] . Construction of a string model (GUST) containing the horizontal gauge symmetry provides additional strong motivation to this idea. Moreover, the fact that in GUSTs high dimensional representations are forbidden by the KMA is a very welcome feature in this context. The constraints of horizontal model parameters followed from this approach allow the existence of the interesting flavour-changing physics in the TeV region. Also these models gives rise to a rather natural way of the superweak-like CP-violation [10] . All this leads us naturally to considering possible forms for horizontal symmetry G H , and G H quantum number assignments for quarks (anti-quarks) and leptons (anti-leptons) which can be realized within GUST's framework.
Here we present shortly the string models including Grand Unification group [SU(5)
⊗2 , along with horizontal gauge symmetry G H = U(3). Using the (2,0) worldsheet superconformal symmetry we study the superpotential. The form of obtained superpotential implies that 2 generations remain massless comparing with the M W scale. Using the condition of SU (3) H anomaly cancellation the theory predicts the existence of the Standard Model singlet "sterile" particles that participate only in horizontal SU(3) H and/or U(1) H interactions. As following from the form of the superpotential some of them could be light (much less than M W ) that will be very interesting in sense of experimental accelerator and astrophysical searches. In this model after anomalous U(1) D-term suppressing the only surviving horizontal gauge group is SU(3) H .
We outline the perspective way of including the symmetric subgroup on the intermediate stage that does not involve higher level of Kac-Moody algebra representations. Starting from the rank 16 grand unified gauge group of the form G × G [7, 8] and making use of the KMA which select the possible gauge group representations we discuss some ways of breaking of string rank 16 gauge group [SU (5) 
⊗2 down to the symmetric diagonal subgroups [7] , [9] . This model allows two ways of embedding chiral matter (16 quarks, leptons and right neutrino) in 1,5 and 10 representation of SU(5) × U(1), which correspond to the flipped and non-flipped SU(5) × U(1) models respectively [11] .
The main goal of our paper is to solve the problem of discrepancy between the unification scales of SU(3 c ), SU(2) EW , U(1) Y -gauge coupling constants , M G ∼ 10 16 GeV , and string scale in GUSTs, M GU ST = M SU = g string · 5 · 10 17 GeV . We consider two possibilities of the breaking of the primordial [U(5) × G H ] ⊗2 gauge symmetry with two variants of Q em charge quantization correspondingly. For the various chains of gauge symmetry breaking in flipped and non-flipped cases of the SU(5) model we carry out the RGE analysis of the behaviour of the gauge coupling constants taking into account the possible intermediate thresholds (the additional Higgs doublets, color triplets, SUSY threshold, massive fourth generation) and the threshold effects due to the massive string states. We show that only in non-flipped case of [U(5) × G H ] ⊗2 GUST it is possible to make the unification scale of g 1,2,3 -coupling constants in supersymmetric standard model, M G , to be consistent with the string scale unification, M GU ST = M SU and obtain estimation of the string coupling constant g str = O(1). As an additional benefit, the values of the g str and M SU allow us to estimate the horizontal coupling constant g 3H on the scale of ∼1 TeV.
The features of the GUST spectrum with
. The ways of the gauge symmetry breaking.
Model 1 is defined by 6 basis vectors given in Table 1 which generates the The model corresponds to the following chain of the gauge symmetry breaking:
Since the matter fields form the chiral multiplets of SO (10) , it is possible to write down U(1) Y 5 -hypercharges of massless states. In order to construct the correct electromagnetic charges for matter fields we must define the hypercharges operators for the observable U (8) I group as follows
and analogously for the U (8) II group. Then the orthogonal combinations
play the role of the hypercharge operators of U(1) Y 5 and U(1) Y H groups respectively. In Table 2 we give the hyperchargesỸ
. With the chiral matter and "horizontal" Higgs fields available in Model 1 the possible form of the renormalizable (trilinear) part of the superpotential responsible for fermion mass matrices is restricted not only by the gauge symmetry. Another strong constraint comes from the interesting observation that a modular invariant N=1 space-time supersymmetric theory also extends to a global N=2 world sheet superconformal symmetry [18] which now contains two distinct fermionic components of the energy-momentum tensor, T + F and T − F and there is also the U J (1) current J. This conserved U(1) current of the N=2 superalgebra may play a key role in constructing of realistic phenomenology. 
Thus all vertex operators have the definite U(1) charge. Let us consider the contribution R 2 (NS) to the three point fermion-fermion-boson matter superpotential:
From the above form of the Yukawa couplings it follows that two (chiral) generations have to be very light (comparing to M W scale). The SU ( (2) chiralities, see Table 2 , row No 3, 4 respectively). The superpotential, W 2 , consists of the following R 2 NS-terms:
From (4) it follows that some of the horizontal fields in sectors (No 3, 4) remain massless at the tree-level. This is a remarkable prediction: "horizontal" fields are "sterile", e.g. they interact with the ordinary chiral matter fields only through the U(1) H and SU (3) H gauge boson and therefore this "sterile" matter is of an interest in the context of the experimental searches on accelerators or in astrophysics. The Higgs fields could give the following (NS) 3 contributions to the renormalizable superpotential:
So, W 1 + W 2 + W 3 is the most general renormalizable superpotential which includes all nonzero three-point (F-type) expectation values of the vertex operators for corresponding 2-dimensional conformal model. The only non-vanishing nonrenormalizable superpotential W 4 = R 4 is as follows
As we can see from the states list for Model 1, the hidden group U(1) 1 in this model appears to be anomalous: Tr U(1) 1 = 12.
This means that at one-loop string level there exists Fayet-Iliopoulos D-term determined by VEV of the dilaton and it is proportional to Tr U(1) 1 = 12. Potentially this term could break SUSY at the high scale and destabilize the vacua [19] . This could be avoided if the potential has D-flat direction on U(1) 1 -charged fields which have VEVs that break anomalous group (and may be some other groups), compensate D-term, and restore SUSY. Those fields have to have appropriate charges on the remaining groups in order that cause no SUSY breaking via their D-terms. In our case we can avoid the SUSY breaking caused by D-term by using the pairs of fieldsφ 1 and/orφ 3 from the sector 5. In addition to anomalous group breaking we also obtain breaking of the groups U(1)
H (in the case of using only one ofφ 1 ,φ 3 , otherwise the group is broken totally) and U(1)
, and also horizontal group SU(3) (3) II H we also need to use the VEVs of theΦ (1,3;1,3) -Higgs fields. Besides that fields potentially the fieldsσ 2 can also obtain VEVs, that additionally breaks down the hidden group SO(6) 4 and also breaks U (1) ′ H . Note that since the superfields mentioned above besides theσ 2 -field do not participate in construction of the renormalizable superpotential W 1 + W 2 + W 3 in this scheme we have no problem with the F-flat directions. Finally, note that in non-flipped SU(5) × U(1) model we can give the VEVs to the fieldsσ 1 for breaking U (1) sym 5 . In this case for the choice of the D-flat direction we also need to use VEVs of the fieldsσ 3 . From the form of theσ-depended contribution to the superpotential W 2 (4) it follows that the field of the fourth generation Ψ (1,1;1,1) (the fourth neutrino in non-flipped scheme) obtains a heavy mass.
Further we shortly discuss the problem of gauge symmetry breaking in Model 1. The most important point is that the Higgs fields (10 1/2 +10 −1/2 ) do not appear. However there exists some possibilities to break the GUST group [(U(5) × U (3)) I ] ×2 down to the symmetric subgroups using the following VEVs of the Higgs fields (5, 1; 5, 1) 
With the VEV a) the GUST group [(U(5) × U (3)) I ] ⊗2 breaks to symmetric group:
With such a breaking tensor Higgs fields transform under the (SU(5) × U(1)) sym × G H group in the following way:
The diagonal VEVs of the Higgs fields break the GUST with G × G down to the "skew"-symmetric group with the generators △ sym of the form:
The corresponding hypercharge of the symmetric group reads:
Adjoint representations which appear on the rhs of (7) can be used for further breaking of the symmetric group. This can lead to the final physical symmetry
with the low-energy gauge symmetry of the quark-lepton generations with an additional U(1) sym -factor. As we already discussed above the form of the G ′ H depends on the way of the U(1) anomaly group cancellation and the complete breaking of this group is realized by the VEVs of theΦ (1,3;1,3) Higgs fields and/orΦ (1,1;5,3) ,Φ (5,3;1,1) Higgs fields.
Note, that when we use the VEVs b),c),d) there exist also the others interesting ways of breaking the G I × G II gauge symmetry down to
We could consider the GUST construction involving [SO (10)×G H ] ⊗2 ×G hidden as the gauge group [7] . In that model the only Higgs fields appeared are (10, 10) of SO(10) × SO (10) and the hidden group G hidden = U(1) × SO(6) is anomaly free. As an illustration we would like to remark that for the SO(10) × SO(10) × G H × G H GUST we can consider similarly the following VEVs of the Higgs fields (10, 10): a') < (10, 10) > 0 = a · diag (1, 1, 1, 1, 1, 1, 1, 1, 1, 1) , (1, 1, 1, 1, 1, 1, 0, 0, 0, 0) , c') < (10, 10) > 0 = a · diag (1, 1, 1, 1, 1, 1, x, x, x, x) .
These cases lead correspondingly to the following chains of [SO (10)] ⊗2 breaking ways:
3 The GUT and string unification scale. The paths of unification in flipped and non-flipped GUST models.
Indeed the estimates on the M H 0 scale depend on the value of the family gauge coupling. String theories imply a natural unification of the gauge and gravitational couplings, g i and G N respectively. For example, it turns out that these couplings unify at tree level to form one coupling constant g string [12] :
Here α ′ is the Regge slope, the coupling constants g i correspond to the gauge group G i with the Kac-Moody levels k i . In string theory the scale of unification is fixed by the Planck scale M P l ≈ 10 19 . In one-loop string calculations the value of the unification scale could be divided into moduli independent part and a part that depends on the VEVs of the moduli fields. The latter part considered as the correction to the former and obviously it is different for the various models. Like in the gauge fields theory this correction is called the string threshold correction of the massive string states. Moduli independent contribution depends on the renormalizing scheme used, so in DR renormalization scheme the scale of string unification is shifted to [13]a :
There exists the most important difference between the unification scales of gauge coupling unification in string theory and in field theory. In field theory this scale is determined via extrapolation of data within the Supersymmetric SU(3) × SU(2) × U(1) Standard Model using the renormalization group equations (RGE) for the gauge couplings
The factor 5/3 in the definition of α 1 has been included for the normalization at the unification scale M G . The one loop renormalization group equations for these gauge couplings are given by
Beta functions coefficients for the SU(3) × SU(2) × U(1) coupling constants in SUSY models are given by the following:
where N g is the number of generation and N h is the number of Higgs doublets and we also include some possible intermediate thresholds for heavy Higgs doublets (N h − 2) and color triplets, N 3 , which exist in the spectrum of Model 1 and can be take into account for RGE. The RGE are integrated from M Z -mass to the unification scale M G . In the presence of various intermediate scale, M I , I = 1, 2, 3, ..., the RGE are given by:
where b iI are the additional corresponding contributions of the new thresholds to the beta functions. At the Z-mass scale we have:
Note, that for flipped models
where
In the SO(10) limit (or for non-flipped case) we have k 2 = 1 and sin 2 θ W = 3/8. The string unification scale could be contrasted with MSSM, SU(3
obtained by running the SM particles and their SUSY-partners to high energies. One of the first way to explain the difference between these two mass scales, M SU and M M SSM = M G , was the attempts to take into account the string thresholds corrections of the massive string states [13]:
where the index i runs over gauge coupling and µ is some phenomenological scale such as M Z or M G . The coefficients k i are the Kac-Moody levels (e.g. for SU (5) 
The quantities∆ G i represent the heavy thresholds corrections, which are the corrections arising from the infinite towers of massive string states. Although these states have the Planck mass scale, there are infinite number of them, so they together could have the considerable effect. In general the full string thresholds corrections are of the form∆
where Y is independent of the gauge group factor. Moreover, the low energy predictions for sin 2 θ W (M Z ) and α 3 (M Z ) depend only on the differences (∆ i −∆ j ) = (∆ i − ∆ j ) for the different gauge groups.
However the Y factor makes influence on the estimation of the value of g str if we base on low energy gauge constants and use RGE. Note that in general g str is defined by VEV of the dilaton moduli field but because of degeneracy of the classic potential of the moduli fields we do not know the g str a priori. If we could have the value of the g str then the its coincidence with our estimates will show the correctness of our model.
It is supposed that the value of the Y factor is small enough [20] so we neglect it in our calculations of g str via RGE.
In the GUSTs examples considered the threshold corrections of the massive string states are not large enough to compensate the difference between the scales of unification of the string and the MSSM (GUT) models. Later we will discuss the possible effects of them in G × G models, for example in Model 1.
In our calculations for Model 1 we will follow the way suggested in [13]c, [14] . According to it we have to calculate an integral of the modified partition function over the fundamental domain Γ of modular group.
where b G is the beta function coefficient,Ẑ(τ ) is modified partition function. Modified in this context means that the charge operators Q are inserted in the trace in partition function in the following way:Ẑ
where Q s is helicity operator and Q i is a generator of a gauge group. We are interesting in particular in the difference between groups SU(5) I and U(1) I in Model 1. For this case charge polynomial is 5Q 1 Q 2 (see [13]c). Rewritten via well known theta function, the modified functionẐ(τ ) for our case reads:
where 512 is normalizing factor and products calculated over all fermions excluding fermions which Q operators apply to. Namely θ ′ andθ denote action of helicity and gauge group operators respectively. The sum is taken over all pairs of boundary condition vectors that appear on the model. According to [14] we expand the resulting expression with θ-functions via q andq in order to achieve appropriate precision.
The final results for Model 1 are as follows (δ denotes the difference between corresponding quantities for U(1) I and SU(5) I ). δb = 26.875; δ∆ = 5.97 Given this relative threshold corrections we can compute its effect on string unification scale M SU . We find that the correction unification scale is:
However there are some ways to explain the difference between scales of string (M SU ) and ordinary (M G = M SU ) unifications (without additional intermediate exotic vector matter fields that does not fit into 5 or5 representations of SU (5) . [14] ) Perhaps the most natural way is related to the G I × G II String GUT. If one uses the breaking scheme
16 GeV is the scale of breaking the G sym group, and string unification do supply the equality of coupling constant G × G on the string scale M SU ∼ g · 5 · 10 17 GeV. Otherwise, we can have an addition scale of the symmetry breaking M sym > M G . In any case on the scale of breaking U (5) I × U(5) II → U (5) sym the gauge coupling constants satisfy the equation
Thus in this scheme the knowledge of scales M SU and M Sym gives us a principal possibility to trace the evolution of coupling constant of the original group SU(5)
II through the SU(5) Sym × U(1) Sym to the low energies and estimate the values of all coupling constants including the horizontal gauge constant g 3H .
The coincidence of sin 2 θ W and α 3 with experiment will show how realistic this model is. The evolution of the gauge constant from the string constant g str to the scale of M G is described by the equation: 
Let us try to make the behaviours of these coupling constants consistent above and below M G scale. To do this we have to remember that there are two possibilities to embed quark-lepton matter in SU(5) × U(1) of SO(10) multiplets, 1 5/2 ,5 −3/2 , 10 1/2 . For the electromagnetic charge we get:
where 1 2 y I,II = αT
In usual non-flipped Georgi-Glashow SU (5) . Note, that this charge quantization does not lead to exotic states with fractional electromagnetic charges (e.g. Q em = ±1/2, ±1/6) [16, 7] . Also in non-flipped SU(5) × U(1) gauge symmetry breaking scheme there are no SU(3) color triplets and SU(2) doublets with exotic hypercharges.
For example in flipped (non-flipped) case of Model 1 we can use the Higgs doublets from (5, 1; 1, 1)+ (5, 1; 1, 1) , (the fieldsφ 2 +φ 2 from sector 5) for breaking the SM symmetry and low energy U (1) sym 5 -symmetry. Below the M G scale in non-horizontal sector the evolution of gauge coupling constants is described by equations
where for N g = 4 generations and for the minimal set of Higgs fields we have:
From these equations and from the experimental data we can find for N g = 3, 4, respectively:
Here we assume that additional Higgs doublets and triplets appeared in the theory are heavy (> M G ).
From the other hand for the Model 1 and with the mass of the fourth generation sufficiently heavy to be invisible but less than M G the equations for α I.II. Sym 5, 1 for all M sym -scale in the range, M G < M sym < M SU , give the contradicting value for k 2 that is considerably less than 1. For example, for M Sym = 1.6 · 10 17 GeV , we get:
In the non-flipped case in Model 1 we have an additional neutral singletσ 1 field, which could be used for breaking U (1) Sym group (of U(1)
II 5 ) at any high scale, independently on the M Sym scale, where the
Therefore we have no constraints on k 2 parameter in the range from string scale down to M G . As a result in non-flipped case of the
GUST the string unification scale, M SU , can be consistent with the M G (M M SSM ) scale, i.e using low energy values of the g 1,2,3 -coupling constants and their RGE (12, 15, 23, 24) we get for the GUST scale M SU the expression (22 ) with the corresponding value of the string coupling constant.
In this case while M sym changes in the range from M G = 1.17 · 10 16 GeV to 10 18 GeV we could expect the string constant and string scale (22) It is interesting to estimate the value of horizontal coupling constant. The analysis of RG-equations allows to state that the horizontal coupling constant g 3H does not exceed the electro-weak one g 2 .
In Model 1 after cancellation of the U (1) Also we investigate the dependency on the fourth generation mass M 4 and take into account the SUSY threshold.
In general the RGE with thresholds between M Z and M G are as follows (k 2 ≡ 1 for non-flipped SU(5)):
denote beta function coefficients for the corresponding coupling constants that take into account all fields below M G scale. Similarlyb In particular we are going to consider SUSY threshold M SU SY , 4th generation masses M 4 and effective masses of addition doublets and triplets M 2,3 .
In the context of Model 1 we have 1) and (1, 2) under the SU(3) × SU(2) group). We consider the case when the fields in one (5, 3) representation with the masses below M G are from the second group U(5) × U(3). (In this case we have no problems with the dimension four, five, six operators of proton decay in Higgs sector.) Hence in addition to the MSSM Higgs vector-like doublet we have 2 doublets and 3 triplets.
Below are the values of the b coefficients for our case:
Considering flipped SU(5) case we have to pay attention to the consistency of the value of k 2 derived from (34) and from RGE of the string coupling g str above the M G scale. We use b coefficients from (25, 26) .
From the system (34) we can get a set of appropriate masses in the range of M Z − M G and values of α 5 , k 2 and q 2 as well. But then we should apply RGE between the string scale and M G scale to check out whether this values are consistent. This equations give us k 2 < 1. Our calculations show that with k 2 ≤ 1 for flipped SU(5) in the Model 1 one cannot get appropriate values for M SU SY , M 2,3,4 , M G (i.e. that are within range M SU SY − M G ) that are consistent with string RGE.
For non-flipped case we apparently obtain the demand that constants α 1,2,3 converge to one point (that is equivalent to k 2 ≡ 1) which is consistent with RGE in the framework of the MSSM-like models.
For this case we consider the b) breaking way of [SU(5) × U(1)] ⊗2 . We can consider the cases c) and d) as a limits (x ≪ y and x ≫ y). As it follows from our analysis there exists a range of parameters values (threshold masses) that make system (34) consistent and we have an appropriate hierarchy of the scales.
The maximum value of M G one can obtain in this case is M G ∼ 1.3 · 10 16 GeV. The mutual dependencies of the threshold masses are shown on Fig. 1 
2 M
2 ). Note that the Higgs triplets and doublets considered obtain their masses via F 2 -term of the fieldΦ (5,1;1,3) (see the first term in the W 3 (5)). Hence M This means that in general above the thresholds M 2,3 we should take into account the restoration of the symmetry SU(n) −→ SU(n) I × SU(n) II , n = 2, 3. I.e. our plots are correct only in the region with M 2 close to M 3 . The other cases demand more careful accounting of the symmetry restoration thresholds. This question is currently under consideration and we will present the results in the future.
The horizontal gauge constant on the scale of 1 TeV for first or second SU(3) H group (depending on which of them will survive after suppression of the U(1) anomaly) appears to be of the order 
